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Abstract
A simple set of representatives for the congruence classes of (22) matrices over an arbitrary
eld is determined. The result is then specialized to various particular elds, including Fq.
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1. Introduction and projective congruence
In [1] Bremser has given a set of representatives for the congruence classes of
nonsingular (2 2) matrices over a nite eld and these have been employed in [2].
Her argument rests on rst of all counting the number of classes by studying the
action by congruence of GL2(Fq) on itself. We give here a new determination of the
congruence classes, by an elementary argument which avoids counting and which is
valid for all matrices and over an arbitrary eld.
If A and B are (22) matrices over a eld K , we shall say that they are projectively
congruent if P tAP = B for some P 2GL2(K) and 2K. If  = 1 this reduces to
ordinary congruence. The next result determines the projective congruence classes. It
is essentially the same as Proposition 1 of [3], but we reproduce the argument for
convenience. Hereafter we write = det P.
Proposition. The distinct projective congruence classes are represented by
0
0

;

1
0

;

1


(2K=K2);

1
−1

and

1 1


(2K):
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(We use  2 K=K2 to mean that  runs over a complete set of representatives for
the cosets of K2 in K; and will use similar abbreviations throughout.)
Proof of Proposition. If the bilinear form represented by A is alternating, then A is
congruent to
0
0

or

1
−1

:
Otherwise, by congruence, we may assume that A is of the form

 


with  6= 0.
Since we are only interested in projective congruence we may take =1. But if  6= 0,
then A is now congruent to
1 1
=2

: So we may assume that A=

1 


; with  = 0 or 1:
These two cases are not equivalent, since one is symmetric and the other not.
Consider now
Pt

1 


P = 

1 
0

:
By determinants, 2 = 20, so that  and 0 are in the same multiplicative square
class. Moreover, subtraction of the o-diagonal entries gives  = . If  = 1, then
 =  and so  = 0. If  = 0 and conversely , 0 are in the same square class, say
0 = d2 (d 6= 0), then
1


is congruent to

1
0

via P =

1
d

:
2. Congruence
We now rene the projective classes to consider congruence. Every matrix is congru-
ent to a scalar multiple of one of the projective representatives, so it is just a question
of determining when two multiples of one of these are mutually congruent. Denoting
congruence by  we consider in turn
(1)
A=

1
0

: If A  A via P =

a b
c d

; then

a2 ab
ab b2

= 

1
0

;
so that b=0 and  2 K2. This projective class thus splits into congruence classes
with representatives


1
0

( 2 K=K2):
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(2)
A=

1


: Here A  A gives PtA= AP−1;
i:e:

a c
b d

= e

d −b
−c a

;
where e = ==1, as follows by taking determinants. Hence
P =

a −ec
c ea

and = a2 + c2:
Conversely, if  is of this form, then we have a P giving A  A. Thus we get
distinct congruence representatives


1


( 2 K=G());
where G() is the subgroup of K consisting of non-zero elements of the form
x2 + y2.
(3)
A=

1
−1

: For any  2 K we have A  A via P =


1

:
(4)
A=

1 1


: PtA= AP−1 gives

a a+ c
b b+ d

= e

d− c a− b
−c a

;
where e = =.
If  6= 0 then det A 6= 0, and it follows by determinants that e=1. Equating matrix
entries now easily shows that if charK 6= 2 we cannot have e = −1, so that (for all
K) e = 1. This is still true when  = 0, since then the matrix equation gives b = 0,
a= ea with a 6= 0. We therefore obtain
P =

a −c
c a+ c

; = a2 + ac + c2:
Conversely, for  of this form, we have a P giving A  A. Thus we get distinct
congruence representatives


1 1


( 2 K=H ());
where H () is the subgroup of K consisting of non-zero elements of the form
x2 + xy + y2.
Note: G() and H () really are subgroups of K, in view of the identities:
(a2 + c2)(x2 + y2) = (ax − cy)2 + (ay + cx)2
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and
(a2 + ac + c2)(x2 + xy + y2) = (ax − cy)2 + (ax − cy)(ay + cx + cy)
+ (ay + cx + cy)2:
In summary, we have proved:
Theorem. The distinct congruence classes over an arbitrary K are represented by

0
0

; 

1
0

( 2 K=K2); 

1


( 2 K=K2;  2 K=G());

1
−1

and 

1 1


( 2 K;  2 K=H ()):
Note in passing that H (0) = K, so that the singular asymmetric projective class

1 1
0

does not split further under congruence:
We now apply the theorem to certain specic elds. Firstly, let K be nite. There
are two cases:
(i) charK 6= 2: For any  2 K, the quadratic form x2 + y2 is universal [4, p. 342],
hence G() =K. For any  6= 14 , the form x2 + xy+ y2 is again universal, being
nonsingular, so that H () = K. If  = 14 , then x
2 + xy + y2 = (x + 12y)
2 and so
H ( 14 ) = K
2.
(ii) charK = 2: Clearly K2 = G() = H () = K.
If  denotes a xed non-square in Fq (q odd) we therefore have:
Corollary 1. The distinct congruence classes over K = Fq are represented by
(i) q odd :

0
0

;

1
0

;


0

;

1
1

;

1


;

1
−1

;

1 1


( 2 K) and

 2


:
(ii) q even : The same; but omitting the representatives involving .
Remark. Taking = 14 and  =  in the theorem gives


1 1
1
4

: We have replaced this by the congruent matrix

 2


:
The lists above are seen at once to agree (in the nonsingular case) with those in
Theorems 2 and 3 of [1], noting that we have chosen to use upper triangular matrices.
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Observe that the type
1 1


subsumes the types

1
m 1

and

1
m 

of [1], since the former is congruent to
1 1
m−2

and the latter to

1 1
m−2

:
Note also that  need not be a generator of Fq ; any non-square will do.
We conclude by looking at two other types of eld:
Corollary 2. (i) If K is algebraically closed; then the distinct congruence classes over
K are represented by
0
0

;

1
0

;

1
1

;

1
−1

and

1 1


( 2 K):
(ii) If K = R (or real closed); then the classes are represented by
0
0

;

1
0

;
−1
0

;

1
1

;
−1
−1

;

1
−1

;

1
−1

;

1 1


( 2 R) and
−1 −1
−

(> 14 ):
Proof. (i) is clear. For (ii) note that R2 = R+, G(1) = R

+, G(−1) = R and that
H () = R+ (>
1
4 ); R
 (< 14 ).
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